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We carried out numerical simulations of drying-induced surface roughening of a
moving liquid layer under periodic air blowing conditions. Using spatially non-uniform
Biot number profiles along the coating surface, the solutions of coupled diffusion/heat
transfer equations reveal a periodic growth and relaxation in concentration gradients in
the vicinity of the liquid–gas interface. The resultant interfacial stress variations promote
particular asymmetric surface topographies that grow and level in a sequential manner.
The unique surface roughness is identified by considering time scales required for the
web motion, the stress-induced surface evolution, and the pressure-driven leveling. Pre-
dicted drying maps represent the surface roughening behavior as regions in parameter
space. VVC 2009 American Institute of Chemical Engineers AIChE J, 55: 1648–1658, 2009
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Introduction

Liquid film coatings often respond to Marangoni stresses
induced by a variation in surface tension. The stress pulls
the liquid away from lower surface-tension regions and cre-
ates particular ridge(s) and depression(s). For a given static
surface tension gradient, the long-wave approximation1

shows that the Marangoni stress gives a time scale for the
surface deformation sm as linearly decreasing functions with
respect to the film thickness and the surface tension differ-
ence. If the surface tension gradient relaxes, a capillary pres-
sure and/or gravity can overcome the Marangoni forces and
tend to level the film.

Air impingement dryer is a particular class of drying sys-
tems in which a coating responds to dynamic, rather than
static, surface tension variations. When a liquid film on a
moving web (substrate) is subject to air blowing from slit noz-
zles (Figure 1), local distributions in the solvent, and thus the
surface tension, can change with a characteristic time scale of
sw ¼ 2W/U where U and W denote the web speed and the half
spacing between two neighboring nozzles, respectively. The
coating surface evolves as would on a stationary substrate

when the surface deformation rate is sufficiently fast com-
pared to the web motion (sm � sw), whereas it would not
deform in a finite time for sm � sw. In a particular intermedi-
ate case, the coating can respond to the periodic growth/relax-
ation of the interfacial stress, leading to show the stress-
induced roughening and the pressure-driven leveling in a
sequential manner. Furthermore, simultaneous heat and mass
transfers across the gas/liquid interface strongly impact the
stress development through its coupling with the local temper-
ature and concentration. Thus, we expect that moving coatings
will exhibit rich responses in air impingement dryers.

Extensive numerical studies have been previously reported
when a drying binary polymer coating solidifies,2–6 crystalli-
zes,7,8 gels,9 swells,10 or even exhibits skinning11,12 but, to
our knowledge, not previously when a coating deforms via
periodic, non-uniform interfacial stress distributions. Indeed,
most previous drying studies have assumed constant mass/
heat transfer coefficients, and hence uniform interfacial prop-
erties, for describing gas/liquid diffusions. The recent model-
ing13 deals with the film deformation over a traveling heat
transfer coefficient, yet the solvent diffusion was simply
neglected. Despite the extensive studies for surface-tension-
driven deformation of viscous,14 colloidal,15 and poly-
meric16–20 films, it has not yet been clarified how the drying
coating responds to non-static interfacial stresses. In this arti-
cle, we present a mathematical model of coating surface
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deformation by newly considering the periodic variations in
interfacial properties via the forced air blowing.

Governing Equations

Drying model

Consider a thin liquid film of incompressible, non-reac-
tive, Newtonian fluid coated on a moving impermeable sub-
strate of thickness b (Figure 2). The coating is in contact
with a gas phase unsaturated with the solvent vapor. The
deformable air–liquid interface locates at z ¼ h (x, t) with
origin on the film-substrate interface where z and x are the
Cartesian coordinates in the thickness and the transverse
directions, respectively. The fluid is a binary system of a
volatile solvent (Component 1) and a polymer (Component
2) with no volume change on mixing. The upper gas–liquid
interface is exposed to the blowing air with spatially non-
uniform heat/mass transfer coefficients of hg(x) and kg(x),
while the gas phase next to the lower substrate surface has a
constant heat transfer coefficient hG.

The governing equations are formulated based on previous
drying studies.21,22 Assuming the negligible transverse diffu-
sion and no mass flux at the substrate-solution interface, we
obtain the following expressions for the x- and z- compo-
nents of the volume-averaged velocity as:

vx
6¼ ¼ U (1)

v 6¼z ¼ 0 (2)

where U denotes the web speed in the x-direction.
Combining Eqs. 1 and 2 with the jump mass balance at

the gas–solution interface21 yields the expressions for the
mass fluxes in the z-direction relative to the volume average
velocity as:

z ¼ h : j6¼1 � q1
dh

dt
¼ kgM1

RT
ðPi � PbÞ (3)

z ¼ h : j6¼2 ¼ q2
dh

dt
(4)

where ji
= and qi denote the mass flux and mass concentration

of ith component, h is the mean film thickness, t is the time,
M1 is the solvent molecular weight, Pi and Pb are the saturated
solvent pressures at the interface and in the upper gas phase, R
is the gas constant, and T is the absolute temperature of the
system. The right hand side of Eq. 3 represents the solvent
evaporation from the gas–solution interface driven by the
partial pressure difference.

The solvent and polymer fluxes satisfy:

j6¼1 V1

^ þ j 6¼2 V2

^ ¼ 0 (5)

where V
^
i is the partial specific volume of the ith component.

Substituting Eqs. 3 and 4 into Eq. 5 gives the position of the
liquid–gas interface as:

z ¼ h :
dh

dt
¼ �V

^
1

kgM1

RT
ðPi � PbÞ: (6)

A no-flux boundary condition is imposed at the substrate-
liquid interface because no solvent penetrates the substrate:

z ¼ 0:
@q1
@z

¼ 0: (7)

Initially, the solution layer is assumed to have a uniform
composition and film thickness as:

t ¼ 0: q1 ¼ q10; hðxÞ ¼ L: (8)

Fick’s law is used to describe the diffusive flux based on the
volume average velocity as a reference frame. We assume that
stress-induced transverse flows give negligible effect on
concentration/temperature fields in the thickness direction,
i.e., heat and mass transfers in the z-direction are fully de-
coupled from the liquid motion. Thus, the one-dimensional
solvent continuity equation is expressed as:

@q1
@t

¼ @

@z
D
@q1
@z

� �
(9)

where D is the concentration-dependent mutual diffusion
coefficient.

Figure 2. Drying geometry in a unit computational cell.

Figure 1. Coated film on a moving web subjected to
periodic air blowing from slit nozzles.
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The gas–liquid interface moves as the solvent evaporates.
The following coordinate transformation is used to facilitate
numerical treatment of the moving interface:

g � z

h
: (10)

The governing Eq. 9 is then re-written as:

@q1
@t

¼ g

h

dh

dt

@q1
@g

þ 1

h
2

@

@g
D
@q1
@g

� �
: (11)

Integrating Eq. 11 from g ¼ 0 to 1 and using boundary
conditions Eqs. 3, 6, and 7 give the expressions for the mean
film thickness h and the residual solvent content hI as:

IðtÞ ¼
Z1
0

q1dg; (12)

h ¼ 1� q10 V1

^

1� I V1

^

0
@

1
AL; (13)

d

dt
h � I� � ¼ � kgM1

RT
Pi � Pbð Þ: (14)

Thus, we explicitly obtain the mean thickness and the residual
solvent level from Eqs. 13 and 14.

Assuming that the heat transfer resistance in the gas phase
is much greater than the conductive resistances in the film
and the substrate, the temperature T is uniform across the
coating and given by:

qCphþ qsCpsb
� � @T

@t
¼ � kgM1

RT
ðPi � PbÞDH

� hgðT � TbÞ � hGðT � TbÞ: ð15Þ

where q and qs are densities of the solution and the substrate,
Cp and Cps are average heat capacities of the solution and
substrate, DH is the latent heat of the solvent vaporization, and
Tb the gas bulk temperature. The first, second, and third terms
on the right hand side, respectively, denote the evaporative heat
loss, convective heat flux from the gas–solution interface, and
that from the gas–substrate interface. The initial temperature in
the liquid and substrate phases is uniform at T ¼ T0.

Film equation

Now, let us turn to the film evolution equation. The veloc-
ity distribution within the film is defined as u(x, z) with ori-
gin on the film substrate interface. The stress boundary con-
dition for the velocity at the free surface is given by:

z ¼ h: l
@u

@z
¼ dr

dx
(16)

where l and r, respectively, denote the fluid viscosity and the
surface tension. Here, we assume negligible shear stress in gas
phase compared to the Marangoni stress. No slip boundary
condition at z ¼ 0 gives u ¼ 0.

Because the local thickness variation of interest is suffi-
ciently small compared to the mean thickness as (h � h)/h
� 1, use of the lubrication approximation is appropriate.
Neglecting inertia and gravity, the equations of motion in x
and z directions are:

@p

@x
¼ l

@2u

@z2
; (17)

@p

@z
¼ 0: (18)

Thus, the local liquid pressure p is independent of z.
Substituting Eq. 16 into Eq. 17 and integrating the parabolic
velocity profile in the z-direction gives the total flux Q at a
given position x as:

Q �
Zh
0

udz ¼ � h3

3l
@p

@x
þ h2

2l
dr
dx

: (19)

The mass conservation law gives:

@h

@t
¼ � @Q

@x
� @h

@t
(20)

where the second term on the right hand side represents the
mean film shrinkage rate due to the solvent evaporation and
obtained from Eq. 6 with unit of velocity.

Considering a small topographic change in the surface pro-
file, an approximate form for the free surface curvature yields,

p ¼ �r
@2h

@x2
(21)

where the static pressure due to the air impingement is
neglected for simplicity.

Combining Eqs. 19–21 yields a non-linear evolution equa-
tion for the film thickness h as:

@h

@t
¼ � @

@x

h3

3l
@

@x
r
@2h

@x2

� �
þ h2

2l
@r
@x

� �
� V

^
1

kgM1

RT
ðPi � PbÞ

(22)

Note that Eq. 22 reduces Eq. 6 for the case when no transverse
liquid motion takes place.

To numerically solve Eq. 22, non-periodic boundary
conditions were applied at the outer boundaries of the unit
computational cell at x ¼ W and �W as:

x ¼ W :
@h

@x
¼ @2h

@x2
¼ 0;

@q1
@x

¼ 0;
@T

@x
¼ 0 (23)

x ¼ �W :
@h

@x
¼ @2h

@x2
¼ 0;

@q1
@x

¼ 0;
@T

@x
¼ 0: (24)

Non-dimensionalization

The continuity and the film equations are non-dimension-
alized by introducing the following dimensionless variables:
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c ¼ q1
q10

; t� ¼ D0t

L2
; x� ¼ x

W
;

z� ¼ z

L
; h� ¼ h

L
; P� ¼ P

P0

;

H ¼ T

T0
; l� ¼ l

l0
; r� ¼ r

r0
:

(25)

The dimensionless forms of the governing equations are:

@c

@t�
¼ g

h
�
dh

�

dt�
@c

@g
þ 1

h
�2

@

@g
D

D0

@c

@g

� �
; (26)

g ¼ 1: � D

D0

� �
1

h
�
@c

@g
� c

dh
�

dt�
¼ BiðP�

i � P�
bÞ; (27)

g ¼ 1:
dh

�

dt�
¼ �ðq10 V1

^ ÞBiðP�
i � P�

bÞ; (28)

g ¼ 0:
@c

@g
¼ 0; (29)

qCph
� þ qsCpsb=L

q10Cp

 !
@H
@t�

¼ �BiðP�
i � P�

bÞ
DH
CpT0

� �

� NugLeðH�HbÞ � NuGLeðH�HbÞ; ð30Þ

@h

@t�
¼ � L2=D0

l0W4=ðr0L3Þ
@

@x�

� � h�
3

3l�
@

@x�
�r�

@2h�

@x�2

� �"
þ h�

2

2l�
W

L

� �2
@r�

@x�

#

� q10 V
^

1

� �
Bi P�

i � P�
b

� �
; ð31Þ

x� ¼ 1:
@h�

@x�
¼ @2h�

@x�2
¼ 0;

@c

@x�
¼ 0;

@H
@x�

¼ 0; (32)

x� ¼ �1:
@h�

@x�
¼ @2h�

@x�2
¼ 0;

@c

@x�
¼ 0;

@H
@x�

¼ 0; (33)

t ¼ 0: c ¼ 1; h
� ¼ h� ¼ 1; H ¼ 1: (34)

The dimensionless groups arising from the analysis are

Bi ¼ kgL

D0q10
� P0M1

RT
; (35)

NuG ¼ hGL

k0
; (36)

Nug ¼ hgL

k0
; (37)

Le ¼ k0
q0CpD0

; (38)

where k0 denotes the reference thermal conductivity, Biot
number, Bi, is a measure of internal to external mass transfer
resistance, and the Lewis number, Le, is a measure of mass to
heat transfer resistance.

Drying parameters

The flow pattern of impinging jets can be subdivided into
the stagnation region beneath the air impinging point, and
the wall jet region along the solid surface.23 The heat trans-
fer coefficients corresponding to the two regimes have been
correlated for a jet flow from a single slit nozzle onto a
stationary infinite plane24:

hGB

kG
¼ 0:06958Re0:8Pr0:43

x

H

� ��0:37 H

B

� ��0:62

(39)

hGB

kG
¼ 1:42Re0:58Pr0:43

H

B

� ��0:62

(40)

where kG denotes the gas thermal conductivity, H the nozzle
height, and B the slit width. The Reynolds number, Re ¼
qGuGB/lG, and the Prandtl number, Pr ¼ lGCG

p /k
G, are

defined with respect to the outflow air velocity, uG, the gas
density, qG, the gas viscosity, lG, and the heat capacity of the
gas, Cp

G. The cut-off value from Eq. 40 was used in the
vicinity of the impinging point because the transfer coefficient
in the wall jet region from Eq. 39 becomes infinite at x ¼ 0.

The mass transfer coefficients at the stagnation and the
wall jet regions were readily obtained using the analogy
between the heat and mass transfers as:

kGB

DG
¼ 0:06958Re0:8Sc0:43

x

H

� ��0:37 H

B

� ��0:62

(41)

kGB

DG
¼ 1:42Re0:58Sc0:43

H

B

� ��0:62

(42)

where DG represents the diffusion coefficient in the gas phase,
and Sc ¼ lG/(qGDG) the Schmidt number. In the air
impingement from nozzle arrays, the wall jets of adjacent
nozzles can impinge upon each other and show a particular
boundary layer separation.23 In addition, the lateral air flow
due to the web motion is capable of changing the local
boundary layer thickness. In the present computations, we
assume negligible effects of the web motion and the
interactions from neighboring nozzles on the flow pattern
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and simply use Eqs. 39–42 to obtain the heat/mass transfer
coefficients.

To simulate the drying behavior on a moving substrate,
the Biot/Nusselt number profiles from Eqs. 39–42 were
numerically moved at the same speed as, but in the opposite
direction to, the web motion. Periodic boundary condition
was imposed for Biot/Nusselt numbers, thus the calculation
only needs to be performed in a unit computational cell with
the length of 2W. The local heat/mass transfer coefficients
were updated at every step of Dx/(UDt) where Dt denotes
the integration time step and Dx the dimensional grid spac-
ing in the x-direction. The time variations in physical quanti-
ties at x ¼ 0 are monitored to depict their surface profiles
along the moving direction.

Closure of the model requires expressions for the material
properties as functions of the temperature and the mass con-
centration. Specifically, this article treats the drying of poly
(vinyl-alcohol)(PVA)/water solutions (Figure 3). A linear
approximation for the surface tension with respect to temper-
ature and concentration gives:

r� r0 ¼ rTðT � T0Þ þ rcðq1 � q0Þ (43)

where T0, q0, and r0 denote the reference temperature, solvent
mass concentration, and surface tension. The surface tension
gradients, rT and rC, are negative and positive constants in the
temperature/concentration ranges of interest. The resultant
surface tension drops with decreasing the solvent content
because of the surface activity of PVA.

The solution viscosity is assumed to depend exponentially
on the polymer mass fraction at the gas–liquid interface and
the temperature as:

lnðl=l0Þ ¼ c mlx2 þ nl

T
þ kl

� �
(44)

where c denotes the viscosity power-law index, x2 is the
polymer mass fraction, l0 is the solvent viscosity, and kl, ml,
and nl are the material constants.

The Flory-Huggins equation is used to obtain the solvent
partial pressure P1 at the solution/gas interface:

0:56\x2 � 1 :

P1

P�
1

¼ ðq1 V
^
1Þ exp ð1� q1 V

^
1Þ þ v12ð1� q1 V

^
1Þ2

	 

(45)

0 � x2 � 0:56 :
P1

P�
1

¼ 1 (46)

where v12 is the solvent-polymer interaction parameter. The
saturated vapor pressure of solvent P1

* was calculated from
the Antoine equation log P�

1 ¼ A � B/(C þ T) where the
constant parameters A, B, and C are available in the literature.

The temperature/concentration-dependent diffusion coeffi-
cient is commonly predicted using the free-volume theory
and the friction-based models.25 In this article, we simply set
the mutual diffusion coefficient as an exponential function of
polymer mass fraction being independent on temperature of
interest as

D ¼ D10 expð�mDx2
nDÞ (47)

where D10 denotes a constant pre-exponential factor, and the
exponents mD and nD determine how strongly the diffusion
coefficient depends on the polymer concentration.

The material parameters in Eqs. 45–47 were determined
by fitting the calculated values with experimental data avail-
able in the literature.26 All of the drying parameters used in
this analysis are presented in Table 1.

Solution procedure

The set of coupled partial differential equations were dis-
cretized in space using an implicit finite difference scheme
and converted into a set of non-linear algebraic equations.

Table 1. Typical Parameter Values of Polyvinyl Alcohol
Solution Drying

Gas Parameters
P1b ¼ 2190 Pa
qG ¼ 1.0315 kg/m3

lG ¼ 1.970 � 10�5 Pa s
CG
P ¼ 1.018 � 103 J/(kg K)

kG ¼ 0.02618 J/(m s K)
M1 ¼ 18 g/mol
DG ¼ 3.20 � 10�5 m2/s

Substrate Parameters
hs ¼ 100 lm
qs ¼ 1270 kg/m3

ks ¼ 0.400 J/(m s K)
Cps ¼ 1.25 � 103 J/(kg K)

Drying Conditions
L ¼ 300 lm
B ¼ 0.005 m
H ¼ 0.05 m
W ¼ 0.05 m
uG ¼ 10 m/s
U ¼ 1.0 m/s
T0 ¼ 330 K
Tb ¼ 350 K
hG ¼ 500 J/(m2 s K)

Solution Parameters
v12 ¼ 0.80*
q0 ¼ 1000 kg/m3

q10 ¼ 992 kg/m3

Ṽ1 ¼ 1.00 � 10�3 m3/kg
Ṽ2 ¼ 8.00 � 10�4 m3/kg
Cp ¼ 4.18 � 103 J/(kg K)
DH ¼ 2261 kJ/kg
k ¼ 0.657 J/(m s K)
rT ¼ �1.396 � 10�4 N/(m K)
rc ¼ 3.48 � 10�5 m3/s2

r0 ¼ 0.07275 N/m
D0 ¼ 2.0 � 10�10 m2/s
D10 ¼ 5.0 � 10�11 m2/s*
mD ¼ 9*
nD ¼ 5*
l0 ¼ 0.4899 mPa s
ml ¼ 0.778 � 10�2 (q1/q10 � 0.06)
ml ¼ 0.449 � 10�2 (q1/q10 	 0.06)
nl ¼ 1970 K
kl ¼ �5.97 (q1/q10 � 0.06)
kl ¼ �3.99 (q1/q10 � 0.06)

Computation Parameters
a ¼ 6
b ¼ 3
Ng ¼ 80
Nx ¼ 20

*Determined by fitting Eqs. 45–47 with experimental data from Okazaki
et al.26
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The film equation Eq. 31 was discretized with Nx non-
uniform grid spacing along the gas–liquid interface, whereas
Eq. 26 was solved with Ng grid points across the film. The
following exponential form was used to generate non-uni-
form grid size at ith point in the thickness and the transverse
directions:

DgðiÞ � e
�aði�1

Ng
Þ � e

�aði�2
Ng

Þ

e�a � 1
(48)

Dx�ðiÞ � e�bði�1
Nx
Þ � e�bði�2

Nx
Þ

e�b � 1
(49)

where a and b are the constants. The discretized diffusion
model was solved by the implicit Tri-Diagonal-Matrix-
Algorithm (TDMA) solver, while the time integrations for
Eqs. 30 and 31 are fully explicit in the sense that the non-linear
h2 and h3 pre-factors and derivative terms are evaluated at the
previous time level. The algebraic equations were solved with
sufficiently small time steps of less than 7.8 ls to ensure the
numerical stability. To find the unknown concentration fields
at the next time step, the integrated concentration profile
across the film, Ical, was numerically obtained using Eq. 12,
and the diagonal matrix was updated until the relative error
holds |(I�Ical)/I| \ 10�6 where the integral I was calculated
from Eqs. 13 and 14. Because of the steeper concentration
gradient in the vicinity of the liquid–gas interface, the grid size
of less than 58 nm was chosen to reduce the numerical errors.

The accuracy of the solutions was tested by decreasing the
time interval and increasing the number of grid points in the
thickness/transverse directions until the solutions converge.
Furthermore, the preliminary computation for the poly(viny-
lacetate)-toluene liquid layer on a stationary substrate well
reproduces the previous result for the residual solvent
level,22 showing the validity of our numerical code. The
detailed description of the code verification procedure is
shown elsewhere.

Results and Discussions

Stationary case

First, we present the simplest case where a single air jet
impinges onto a liquid film on a stationary substrate, i.e., sw
¼ 1. Figure 4 shows local variations in Bi number, surface
tension, and wet film thickness as a function of the distance

Figure 4. (a) Biot number, (b) surface tension, and (c)
coating thickness distributions on a stationary
substrate at t5 0.03 s.

The non-uniform surface tension profile drives the fluid
from the air impingement region and promotes drying-
induced surface ridges. The initial film thickness is 300 lm,
the polymer weight fraction is 9.98 � 10�3, the nozzle
width is 5 mm, and the impinging air velocity is 10 m s�1

at the nozzle exit.

Figure 3. (a) Mutual diffusion coefficient, (b) saturated vapor pressure, and (c) liquid viscosity of poly(vinyl-alco-
hol)(PVA)/water binary solution as a function of PVA mass fraction.

The solid curves represent the correlated values used in the computation.
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from the air impingement point. The solution was obtained
for the initial film thickness of 300 lm, the polymer weight
fraction of 9.98 � 10�3, and the impinging air velocity of
10 m s�1 at the nozzle exit. The air blowing promotes two
distinct regimes in Bi profiles: a flat plateau near the stag-
nation region and positive/negative gradients in the outer
regime (Figure 4a). The former corresponds to the cut-off
heat/mass transfers in Eqs. 40 and 42, whereas does the lat-
ter to Eqs. 39 and 41 in the wall jet region. The resultant
faster drying in the vicinity of the higher Bi plateau leads to
a decrease in solvent concentration and thus a sharp drop in
surface tension because of the solute surface activity
(Figure 4b).

The non-uniform surface tension profile promotes the
Marangoni stress, which drives the fluid from the air
impingement region to the higher surface tension regions
against capillary forces. As depicted in Figure 4c, the solu-
tion of the film equation shows a depression at the impinge-
ment point and convex crests in the outer regimes, indicating
a particular drying-induced surface roughening. The axi-sym-
metric film evolution is qualitatively consistent with the pre-
vious modeling studies.17–20 The computations also reveal
that the surface elevation is significantly suppressed and
eventually smoothed out with an increase in the viscosity
power-law index. At the index of c ¼ 5, the coating surface
exhibits no particular elevations but rather shows a single
depression, indicating the non-uniform thinning due to the
faster film shrinkage in the stagnation regime.

To quantify the film evolution in detail, we defined the
surface roughness, Dh, as the difference between the mini-
mum thickness at the depression, hmin, and maximum thick-
ness, hmax. Figure 5 shows the effect of impinging air veloc-
ity on the surface roughness for different viscosity indices.
The roughness monotonically increases with the air velocity
at the index factor of c ¼ 0, i.e., in the case of constant vis-

cosity l ¼ l0. In contrast, the calculated roughness first
increases and then decreases with an increase in velocity for
higher viscosity fluids of c ¼ 1 and 2. The increased fluid
viscosity results in a lower critical air velocity at the peak.

The surface roughness variations with respect to the air
velocity can be attributed to the balance between growing
Marangoni stresses and competing shear forces that resist the
surface deformation. An increase in air velocity leads to a
steep surface tension gradient, which drives more fluids
away from the impinging point to give higher surface ridges.
On the other hand, a further increase in velocity leads to an
exponential increase in surface viscosity. The resulting
higher shear stress significantly retards the fluid motion and
eventually immobilizes the coating surface at high air veloc-
ity regimes. Thus, the coating no longer deforms even at
steep surface tension gradients, leading to show a smoother
surface at faster air impingements.

To support the description above, we obtained film equa-
tion solutions de-coupled from the surface-tension-driven
transverse flow. The calculated de-coupled solutions of Eq. 6
are shown as the broken curves in Figures 4 and 5. Obvi-
ously, the coupled solutions converge to the de-coupled solu-
tion as increasing the fluid viscosity. The computation shows
that the de-coupled solution profile in the x-direction exhibits
a depression in the air stagnation regime, showing a quanti-
tative agreement with that of coupled solution at c ¼ 5.
These facts suggest that the flow-induced surface roughness
significantly reduces, whereas the depression due to the non-
uniform thinning remains, as increasing the impinging air
velocities and/or the fluid viscosities.

Moving case

We now consider how a moving coating exhibits dynamic
responses to the Marangoni stress. Figure 6 presents one of
the extreme cases when a liquid film is introduced into an
impingement dryer at a constant speed of 1.0 m s�1. The ini-
tial film thickness is 300 lm, and the impinging air velocity
is 10 m s�1. The time required for the web motion was cho-
sen to be sw ¼ 100 ms by assuming the nozzle alignment
with a regular spacing of 0.1 m. The sequential Bi peaks in
Figure 6a correspond to the air stagnation points. The air
blowing promotes a stepwise decrease in coating tempera-
ture, arising from the local evaporative cooling when the
latent heat transfer overcomes the heat supplied from the air
(Figure 6b). Interestingly, the computed solvent content
reveals a particular growth/relaxation along the moving
direction (Figure 6c), i.e., the normalized surface solvent
concentration first drops at the first impingement point (I),
increases in the region between two neighboring nozzles (II),
and then decreases again as the coating approaches to the
second impingement point (III).

The spatial concentration variation results in sequential
spikes in the fluid viscosity (Figure 6d) and the surface ten-
sion (Figure 6e). The former tends to resist the transverse
liquid motion, whereas the latter induces the Marangoni
stress to drive the flow. As depicted in Figure 6f, the corre-
sponding coating surface is found to exhibit the stress-
induced roughening and the pressure-driven leveling in a
sequential manner. The computation unambiguously shows
that the growing surface topographies are readily leveled in

Figure 5. The effects of impinging air velocity on the
surface roughness on a stationary web at the
elapsed drying time of 0.03 s, corresponding
to the computational conditions in Figure 4.

The calculated roughness first increases and then decreases
with an increase in velocity for c ¼ 1 and 2. The solutions
converge to the de-coupled solution (broken curve) at c ¼ 5.
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regimes between two neighboring nozzles. Furthermore, the
local thickness on the moving web exhibits a ridge in
upstream but no apparent ridge/depression in downstream,
showing a particular asymmetric surface profile.

Figures 7a–c demonstrate normalized solvent concentra-
tion profiles through the coating at three different drying
times, corresponding to the points I–III in Figure 6c. When
the coating passes just beneath the first nozzle, the solvent
content drops near the interface to form a steep concentra-
tion gradient (Figure 7a). Deeper in coating, the concentra-
tion profile is still flat and keeps the initial value of unity.
However, the concentration gradient is significantly relaxed
at the point II where the coating locates in the lower Bi re-
gime (Figure 7b). A further drying to the point III leads to a
re-development of a steeper concentration gradient (Figure
7c). These facts suggest that the periodic air blowing locally
disrupts the subtle balance of mass transfer rates across the

gas/liquid interface, giving rise to the growth and relaxation
in the concentration profiles across the film. Note that the
previous drying models using spatially-uniform Biot numbers
are hopeless to predict such a relaxation in the concentration
field.

To address the unique surface evolution on the moving
coating, we first estimated the time scales required for the
growth/decay in surface topography. Using the long-wave
approximation, the time scales for the Marangoni and level-
ing flows are, respectively, given by sm ¼ l/(DrBik2L) and
sl ¼ 3l/(rL3k4). Substituting typical computational values of
L ¼ 300 lm, l ¼ 2 mPa s, r ¼ 67 mN m�1, Dr ¼
0.05 mN m�1, Bi ¼ 150, and k ¼ 500 m�1 corresponding to
the case in Figures 6 and 7 yields the relevant time scales as
sm ¼ 4 ms and sl ¼ 50 ms. Thus, the shorter surface evolu-
tion times compared to that of web motion (sm/sw 
 0.04)
allow the surface to respond to local stress variations in a
finite time before the coating moves to the neighboring noz-
zle. This is consistent with the sequential growth in the sur-
face topography shown in Figure 6f.

The earlier estimate also implies that the stress-induced
roughening is readily followed by the leveling when the sur-
face tension gradient relaxes. Let us consider a surface spot
locating upstream from an air-impingement point. As the
coating approaches to the point, the local surface tension
gradient, and thus, the interfacial stress, increases to induce
crests and a depression as does for the stationary case. How-
ever, the downstream stress begins to reduce in magnitude
after the coating passes through the point and eventually
becomes too small to promote the liquid motion. Thus, the
opposing leveling flow becomes dominant and tends to
decay the downstream topographies when sl/sw \ 1. Indeed,
this argument is consistent with the asymmetric surface evo-
lution shown in Figure 6f. In contrast, the growing topogra-
phies might not decay but rather remain on the coating
surface in the opposing case of sl � sw.

If the time scale for the web motion becomes shorter than
those for the surface deformation (sm/sw [ 1), then the coat-
ing passes through the impingement point before it responds
to the interfacial stress. Thus, we expect a smooth surface

Figure 7. Normalized solvent concentration profiles at
three different drying times, corresponding to
the points I–III in Figure 6c.

The periodic air blowing gives rise to the growth and relax-
ation in the concentration profiles across the film.

Figure 6. (a) Biot number, (b) temperature, (c) normal-
ized solvent mass concentration at gas-solu-
tion interface, (d) surface solution viscosity,
(e) surface tension, and (f) coating thickness
distributions on a substrate moving at U 5
1 m s21.

The solvent content reveals a particular growth/relaxation
along the moving direction, resulting in a sequential stress-
induced roughening and pressure-driven leveling. The initial
film thickness is 300 lm, the viscosity power-law index is c
¼ 1, and the impinging air velocity is 10 m s�1.
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topography at high web speeds. To verify this hypothesis,
the surface evolution was examined as a function of the web
speed. Figure 8 presents the local distribution of the wet
thickness in the vicinity of 0.5 m downstream from the dryer
inlet. The web speed ranged between 0.2 and 10 m s�1, cor-
responding to the time scales of web motion of sw ¼
500 ms–10 ms. The surface evolution time scale via the
Marangoni stress was estimated using the long-wave approx-
imation and found to be sm ¼ 40 ms. When sm/sw 
 0.1 at
the web speed of 0.2 m s�1, the surface was found to exhibit
the noticeable elevation in upstream and the broad depres-
sion and the crest (a half portion is shown) in downstream.
In contrast, these topographies tend to decay as increasing
the web speed, and finally diminish in the range of web
speeds above 10 m s�1 for sm/sw [ 1.

The similar trend was observed when we increase the liq-
uid viscosity, while the web speed is kept constant. Figure 9
shows solutions of the film equation for three different vis-
cosity power-law indices at a given time scale of sw ¼ 500
ms. An increase in viscosity index results in a significantly
reduced surface roughness with less elevation. The surface
viscosity in the vicinity of the air impingement point was
found to rise from 1.4 mPa s upto 16 mPa s as increasing
the index from c ¼ 1 to 3. The corresponding time scale
obtained from the long-wave approximation increases from
sm ¼ 40 ms to 500 ms, suggesting that the surface evolution
time scale becomes comparable to that of the web motion at
c ¼ 3. Thus, the moving surface no longer involves enough
time to respond to the local stress, resulting in smoothed
surface profiles in a particular range of time scales.

Figure 10 depicts the variations in surface roughness with
the web speed, corresponding to the case in Figure 8. For
some cases when no apparent surface depression was

observed, we determined the critical x-coordinate xc, at
which the second derivative d2h/dx2 shows a maximum
peak, and h(xc) was taken as the local minimum thickness.
The computations reveals that the calculated roughness
reduces by orders of magnitude with an increase in the web
speed, showing unambiguous evidence that the coating oper-
ations faster than the film evolution significantly retards the
surface roughening.

The drying-induced surface roughness can also be tuned
when the impinging air velocity is varied. Figure 11 presents
drying maps to show how the roughness varies with the air
velocity and the web speed at a point 0.5 m downstream
from the dryer inlet. The smoother coating surface is

Figure 8. Variations in the local wet thickness at four
different web speeds in the vicinity of 0.5 m
downstream from the dryer inlet.

The surface topographies decay as increasing the web speed
and finally diminish at the web speeds of 10 m s�1. The ini-
tial film thickness is 300 lm, the viscosity power-law index
is c ¼ 1, and the impinging air velocity is 1 m s�1.

Figure 9. Variations in the local wet thickness at three
different viscosity power-law indices.

An increase in viscosity index results in a significantly
reduced surface roughness with less elevation. The initial
film thickness is 300 lm, the web speed is U ¼ 0.2 m s�1,
and the impinging air velocity is 1 m s�1.

Figure 10. Variations in surface roughness with the
web speed, corresponding to the case in
Figure 8.

The calculated roughness reduces by orders of magnitude
with an increase in the web speed.
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obtained at lower air velocities and higher web speeds.
Reducing the web speed at a given air velocity leads to a
drastic increase in surface roughness for the low viscosity
fluid of c ¼ 1 (Figure 11a). For the fluid of c ¼ 2 with
stronger concentration-dependence on viscosity (Figure 11b),
the surface roughness is significantly retarded in whole dry-
ing map regimes, because of the suppressed transverse fluid
motion via higher shear stresses. These facts suggest that not
only the operating variables but also the rheological behav-
iors of coating liquids play a key role in the optimal design
of the air impingement drying process.

We should note that the heat conduction and the mass
transport in the transverse direction are simply neglected in
the computations described here, which may overestimate
the transverse gradients in the temperature/concentration and
thus the interfacial stress. Furthermore, the neglected air-jet
shear stresses may limit the present model to a particular
range of air velocities. Nevertheless, our model could form
the basis for the fundamental understanding of how the coat-

ing responds to the local variations in drying-induces stresses
in industrial air blowing operations. More detailed validation
including a quantitative comparison with experiments as
well as a model extension to three-dimensional systems
would be the subject of future research.

Conclusions

We present a drying model of binary solution coatings
that respond to periodic variations in Marangoni stresses.
The model enables us to simulate the growth and relaxation
in the concentration gradient, and thus, the interfacial stress,
as the coating moves beneath air-blowing nozzle arrays. The
transverse lubrication flow driven by the surface-tension-gra-
dient is coupled with one-dimensional mass/heat transfers
across the coating to predict the surface deformation in early
evaporation stages. Numerical computations reveal that mov-
ing coatings exhibit asymmetric thickness variations that
grow and level in a sequential manner. The properly chosen
operating conditions significantly suppress the drying-
induced surface roughening, depending on the time scales of
the surface evolution and the substrate motion.
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